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A combinatorial definition of ribbon graphs
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Some notations

Notation.

Let G = (V,E) bearibbon graph, A € E,and e € E. Then
(1) G5™ means partial dual on 4;

(2) G means partial dual on e;

(3) G* = G°®);

(4) GA := G%4 in some paper.
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Some Lemmas

(1) Suppose that an edge e does not belong to A,
then G&Auted) = (G5(A))8(e)

@6 = (@)

(3) (62W)°? = govan
(4) Suppose that an edge e does not belong to A,
then (G/e)5@ = g8(Avied\e

(5) Suppose that an edge e does not belong to A,
then (G\e)®@W = G8UV(eD) /o = GSW\¢



Spanning subgraph

Definition:
Let G = (V, E) be aribbon graph. G' is a Spanning subgraph of G
iff G’ = (V,E") withsome E' C E.

Examples:




Spanning Quasi-tree

Definition:

Let G = (V, E) be aribbon graph, and let G’ be a Spanning
subgraph of G. If G’ has exactly one boundary component, then
G' is a spanning quasi-tree of G

Examples:




Delta-Matroid

A set system:
D = (E,F),whereVF € F,F C E

ground set feasible set

Definition:
A delta-matroid is a proper set system D = (E, F) that satisfies

the Symmetric Exchange Axiom

Symmetric Exchange Axiom:
ForX,Y e F;forvu e XAY,IveXAY,s.t. X A{u,v} €F




Delta-Matroid

Definition:

Let G = (V, E) be a ribbon graph. And let

F = {F C E|F is the edge set of a spanning quasi—tree of G}
We call D(G) = (E, F) the delta-matroid of G.

Verification:




Delta-Matroid

Definition:

Let G = (V, E) be a ribbon graph. And let

F = {F C E|F is the edge set of a spanning quasi—tree of G}
We call D(G) = (E, F) the delta-matroid of G.

Verification:




Twist of Delta-Matroids

Definition:

For set system D = (E,F),

Tmin(D) = min{|F| : F € F}; 10y (D) = max{|F| : F € F}.
The width of D is defined as w(D) = 73,45 (D) — 1yin (D).

Definition:
For set system D = (E,F), Dyin = (E, Fpnin) With
Fnin = {F € F : |F| = "min} - Dmax is defined similarly.

Definition:

Let D = (E,F) be a set system. For A < E, the twist of D with

respect to A, denoted by D * A, is given by
DxA=(E{AAX|XEF}




An important proposition

Proposition:
Let G = (V, E) be aribbon graph,and A € E, then
D(G) * A= D(G*W)

Proof:




An important proposition

Proof (continued):
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Proof (continued):
e€EF e¢F
G TN "y i ) C‘\
Vo ™ L /
R0) , '\ PRl
'\. 1 i 1
-~ b -




An important proposition

Proof (continued):

e€EF e¢F

Gﬁ(e) f' “ r \
L / i 1
» ., ~




An important proposition

Proof (continued):
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Proof (continued):
e€EF e¢F
- —————
G ¢ 5\ '\‘
\ !
-~ L4 — _..-‘/
~
Go@© r‘ 2
\ #
b
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Proof (continued):
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An important proposition

Proof (continued):

Recall the previous lemma:
(1) Suppose that an edge e does not belong to A, then

Goaute)) — (Gs(A))5(e)
We can finish the proof by induction of any A € E. Q.E.D




Even more

Lemma.
Let G be a ribbon graph, the Euler genus is invariant under dual,

y(G) =y(G")

Proof:

Recall the Euler formula:

y(G) = 2k(G) — v(G) + e(G) — f(G).

Induction basis: e(G) = 1

This proof is easy, we can just the following 3 cases

Case 1: the primal type of e is p (non-loop)

Case 2: the primal type of e is u (untwisted loop)

Case 3: the primal type of e is p (twisted loop)

Induction hypothesis: The statement is true for |E| = n, we want
to prove the same statement for E U e where e € E.




Even more

Proof (continued):
Induction step:

We can just look at the boundary components, and then prove the
statement for all the three cases.




Even more

Lemma.

Let G be aribbon graph, and Q be a spanning quasi-tree of G.
Then

(1) 0 = y(Q) =v(6).

(2) y(Q) = 0 if and only if Q is a spanning tree of G.

(3) Q = (V(G), A) is a spanning quasi-tree of G if and only if
Q' = (V(G™), A®) is a spanning quasi-tree of G*.

Andy(6) = y(Q) +v(Q).

Proof:
(1) And (2) are trivial by Euler’s formula
y(6) = 2k(G) —v(G) + e(G) — f(G)




Even more

Proof (continued):

(3) G* = GB(AVA) — G8(ALA%) _ (GS(A))S(AC)

Note that %) is a bouquet, it is obvious that A€ has only one
vertex in G954, and thus A€ has only one boundary component in

8(A° : . i
(G3A) “D Thus, (V(G*), A°) is a spanning quasi-tree of G*.
The converse direction can be get form dual immediately.

Also, since y(Q) =1—-v(Q) + e(Q) =1 —v(G) + |A|, and
y(Q)=1-v(Q") +e(Q) =1—-v(G") + e(G) — |A|, where
v(G*) = f(G). Thus,
y(@) +v(@Q') =2—-v(G6) +e(G) — f(G) =y(G).

Q.ED




Even more

Proof (more rigorous):
To rigorously prove (3), we need the lemma:

Lemma:

(1) If A is the edge set of a spanning quasi-tree of G, then G is
a bouquet.

(2) If G is a bouquet, then for any A < E(G), A forms a spanning
quasi-tree of G5,

Proof of the lemma:

(1) Let A be the set of edges of a quasi-tree of G, then

D(G%™) = D(G) = A. By the definition, A € F(D).

So, @ € F(D * A). Thus, v(G5™) = 1, which means bouquet.
(2) Let G be a bouquet, then @ € F(D). And thus A € F(D * A).
Hence, A forms a quasi-tree of G5@. QE.D




I don't know — by Jim Fowler

Theorem.
The width of a graphic delta-matroid is equal to the Euler genus
of the underlying ribbon graph, that is, y(G) = w(D).

Proof:

By the previous lemma, y(G) = ¥(Qmax) + V(Q;nin)'

Also, since Q,,in and Q,,,;,, are spanning tree, we have

¥ (@min) = ¥(Qmin) = 0. Thus, we have y(G) = ¥(Qmax)-

By Euler’s formula, we have ¥ (Qmax) = |Fnax| — v(G) + 1.

By the definition of spanning-tree, |Fp,in| = v(G) — 1.

Thus, y(G) = ¥(OQmax) = |Bnaxl = 1Fminl = Binax — tmin = w-
Q.ED
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